This paper first examines the mass transfer from a vertical flat surface of a soluble material due to natural convection. A perturbation term is then introduced into the stream function to model the introduction of a constant counterflow. The effect this counterflow has on both the overall mass transfer and the overall velocity profile is studied in detail. (2010). 76R50 76R10 76M45.
Introduction
The aim of this paper is to first examine both the concentration and momentum boundary layers formed on a vertical flat surface due to natural convection. The surface is composed of a soluble material placed in a liquid medium. In a liquid, molecules diffuse much more slowly than momentum. Consequently, the concentration boundary layer is an order of magnitude thinner than the momentum layer. This model is analogous to that of heat transfer due to natural convection for large Prandtl numbers, for which an exact solution exists due to Kuiken [1] .
Figure 1. Natural Convection with a Counterflow
The approach taken by Kuiken is to divide the problem into two regions: a thin region close to the wall in which buoyancy effects dominate and a much thicker outer region in which buoyancy effects may be neglected. In the case of mass transfer, the inner region is one of natural convection only in which the velocity is generated by the weight of dissolved particles. On obtaining a solution to this inner layer, the outer layer is treated as one of forced convection in which the velocity is generated solely by its contact with the inner layer. This case is taken as a first approximation. Having examined this first approximation, a perturbation term is introduced to the stream function to model a constant counterflow. In a reversal of the case of Kuiken, the outer layer is treated first and its solution is then matched with the inner layer. The main aim of the paper is to examine the effect that this counterflow has on the maximum downward velocity due to natural convection and consequently the effect that this has on the rate of mass transfer from the surface.
The motivation for this work comes from analysing problems in the area of drug dissolution testing. In the testing of dissolution rates from solid dosage forms it is often assumed that the dominant mass transfer mechanism is that of forced convection, however, many of the apparatuses used in the laboratory only subject the soluble material to relatively small upward velocities. This is the case for the USP apparatus 4, known as the flow-through apparatus [2] . In such cases the role of natural convection may not be ignored. This paper takes natural convection to be the dominant mass transfer mechanism with a counterflow introduced as a perturbation term and examines the effect that this has on dissolution rates from the surface of a soluble material.
Mass Transfer from a Vertical Flat Plate due to Natural Convection: Kuiken
The case of heat transfer from the surface of a vertical flat plate for large Prandtl numbers was studied by Kuiken [1] . The case presented by Kuiken can be easily adapted to model mass transfer from the flat surface of a soluble material. The approach used is to split the problem into two regions: a thin inner layer in which all mass transfer takes place and buoyancy forces dominate, and an outer layer in which buoyancy forces may be neglected. The solution to the inner layer is sought first, at which point it is possible to match the outer layer to the inner solution.
The physical parameters in this problem are the kinematic viscosity(ν), the density(ρ) and the coefficient of diffusion(D). In general these quantities depend on the concentration of the solute. For example, in the case of seawater, the relative density of which is about 1.030, this dependency may not be neglected. However, in the dissolution of pharmaceutical drugs the saturation concentration is often of the order of 10 −5 g/cm 3 . For example, from D'Arcy [3] , the saturation concentration for Benzoic acid dissolving in water is given as 1.236 × 10 −5 g/cm 3 . Such low concentration levels allow the values of ν, ρ and D to be taken as constant, with minimal error.
The Inner Layer
The concentration boundary layer equation is
where x is the distance from the leading edge, y is the distance from the wall, u and v are the components of velocity in the x and y directions respectively, c is the concentration of dissolved particles and D is the coefficient of diffusion of the soluble material. The concentration layer thickness is δ c and within this thin layer the velocity gradient is taken to be λ, where λ = ∂u ∂y y=0 .
Examining orders of magnitude in equation (2.1) gives
Now, the convection terms on the left hand side of equation (2.1) must be of the same order of magnitude as the diffusion term, D ∂ 2 c/∂y 2 . This gives
The Boussinesq approximation is used to derive the boundary layer momentum equation, namely:
in which the effect of low concentration on the kinematic viscosity may be neglected, but must be taken into account in the last term, this being the sole driving force for the motion. In the above equation g is acceleration due to gravity, ν is the kinematic viscosity of the dissolution medium and ρ is the density of the pure solvent. Performing a similar order of magnitude analysis as before gives
where Sc is the Schmidt number. Now for liquids, Sc >> 1, and therefore the inertia terms in equation (2.5) may be neglected with error of order 1/Sc inside the concentration layer where the momentum boundary layer equation (2.5) reduces to
Therefore, the boundary layer equations are:
For very dilute solutions, ρ may be taken as constant and the continuity equation (2.11) reduces to :
Introducing c = C s C, where C s is the saturation concentration, and letting γ = gC s /ρν, equations (2.9) and (2.10) can be written:
Introducing a stream function of the form u = ∂ψ/∂y, where ψ inner = kx Equations (2.15) and (2.16) where solved by Kuiken [1] for the following boundary conditions: at η = 0, h 0 (0) = 1, f 0 (0) = f 0 (0) = 0 and as η → ∞ , h 0 (∞) → 0. The results obtained by Kuiken [1] are:
The resulting flux per unit area is given by:
.
(2.17)
From equation (2.17), the flux per unit width is given by:
(2.18)
The Outer Layer
Since there is no dissolved substance in the outer layer, the boundary layer equations are:
Introducing a stream function of the form ψ outer = αx 4 and Sc = ν/D, leads to the following ordinary differential equation:
(2.21) In order to match the solution with that of the inner layer, equation (2.21) was solved for the following boundary conditions: at ξ = 0, F 0 (0) = 0, F 0 (0) = f 0 (∞) = 0.511 and as ξ → ∞ , F 0 (∞) → constant, F 0 (∞) → 0, F 0 (∞) → 0. The results obtained are F 0 (0) ≈ −0.5628 f 0 (∞) ≈ 0.43.
Velocity and Concentration Profiles
In order to plot an overall velocity profile it should be noted that η = Sc 1 2 ξ. Figure 2 shows the velocity profile for both the inner and outer layer for Sc = 100. Figure 3 shows the concentration profile that exists within the inner layer. 
Mass Transfer for Natural Convection with a Constant Counterflow
In this section a perturbation term is introduced to the stream function in order to model a constant counterflow. The outer layer is treated first and then matched to the inner layer. The boundary layer equations for both layers are solved simultaneously by means of a shooting method. The velocity and concentration profiles are plotted for Sc = 100 and compared with those for the case of natural convection only. Finally an expression for the non-dimensional flux from the surface is derived.
The Outer Layer
From the outer layer solution of Kuiken [1] the stream function is given by
A perturbation term is now introduced to account for a constant counterflow to give
On examination of equation (3.3) it is noted that n = −1/2, as the upward velocity is constant and can therefore have no dependency on x. Also, at large values of ξ, the perturbation term must approach U 0 , where U 0 represents the velocity of the counterflow. This gives ∂ψ ∂y = αβx
which in turn leads to
from which the perturbation parameter is = U 0 x − 1 2 /αβ. This may also be written as = F r [ρSc/C s ] 1 2 , where F r is the non-dimensional Froude number, given as F r = U 0 / √ gx. The boundary layer equations for the outer layer are
Introducing equation (3.5), along with the relevant derivatives, the following differential equation is obtained for the first perturbation:
The Inner Layer
In order to match the outer and inner layer solutions, the stream function for the inner layer is taken to be
9)
where η = jyx − 1 4 and the perturbation parameter is given as = U 0 x − 1 2 /jk. A similar perturbation is applied to the concentration profile to yield C = h 0 (η) − h 1 (η).
(3.10)
The boundary layer equations for the inner layer are
Substituting equations (3.9) and (3.10), along with the relevant derivatives, into the boundary layer equations leads to the following differential equations for the first perturbation:
Velocity and Concentration Profiles
Equations (3.8), (3.14) and (3.15) where solved simultaneously using a shooting method for the boundary conditions:
The boundary condition F 1 (0) = f 1 (∞) is of particular importance, as it is the condition that matches the outer layer and inner layer solutions. The results obtained are:
The non-dimensional velocity for the inner and outer layers are:
Taking U 0 to be equal to 10% of the maximum downward velocity due to natural convection, which is 
Flux from Surface
The flux per unit area is given by: 
Discussion
This work arose from problems in the pharmaceutical industry; more specifically in the area of drug dissolution testing of solid dosage forms. In the testing of dissolution rates the soluble material is often subject to a small vertical flow. In such cases the role of natural convection may not be overlooked.
Indeed this work has taken natural convection to be the dominant mass transfer mechanism with the counterflow introduced as a perturbation term. Figure 4 shows that the outer vertical flow penetrates the inner layer leading to a significant decrease in the maximum downward velocity due to buoyancy effects. This deceleration of the inner layer flow may only be attributed to a decrease in mass transfer from the surface. Figure 5 shows the effect that the counterflow has on the overall concentration of dissolved material. Also, from equation (3.18) it can be shown that a counterflow velocity equivalent to 10% of the maximum downward velocity due to natural convection leads to a 7.6% decrease in the mass transfer rate from the surface of the soluble material.
